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We compute the two-loop interaction correction to the minimal conductivity of disorder-free
intrinsic graphene with the help of dimensional regularization. The calculation is done in two
different ways: via density-density and via current-current correlation functions. Upon properly
renormalizing the perturbation theory, in both cases, we find that: σ = σ0 (1 + α (19 − 6pi)/12) ≈
σ0 (1 + 0.01α), where α = e
2/(4pi~v) is the renormalized fine structure constant and σ0 = e2/(4~).
Our results are consistent with experimental uncertainties and resolve a theoretical dispute.
Introduction - Graphene is a one-atom thick layer
of graphite, see, e.g., Ref. [1] for a review, where the
quasiparticle spectrum is Dirac-like and massless at low-
energies.2,3 Remarkably, despite the fact that disorder-
free intrinsic graphene has a vanishing density of states
at the Fermi points, the chiral nature of the charge carri-
ers yields a minimal ac conductivity: σ0 = e
2/(4~), which
is universal. This result, which was predicted to hold for
free Dirac fermions4, agrees to within 1-2% with opti-
cal experiments.5 This is rather surprising because the
long-range Coulomb interaction among charge carriers is
unscreened and supposed to be strong; the fine structure
constant of graphene, α = e2/(4pi~v) ≈ 2.2, due to the
fact that the Fermi velocity is smaller than the velocity
of light, v ≈ c/300.
There has been extensive theoretical attempts to un-
derstand the effect of electron-electron interactions on
the homogeneous optical conductivity of graphene, see,
e.g., Refs. [6–13]. The latter can be defined via a density-
density correlation function:
σ(q0) = − lim
~q→0
iq0
|~q |2 Π
00(q0, ~q ) , (1)
where Π00(q) = 〈Tρ(q)ρ(−q)〉, and ρ is the charge den-
sity. Equivalently, from current conservation, it can
also be defined via a current-current correlation function
(Kubo formula):
σ˜(q0) =
1
iq0
K11(q0, ~q = 0 ) +K
22(q0, ~q = 0 )
2
, (2)
where Kij(q) = 〈Tji(q)jj(−q)〉 and ~j is the charge cur-
rent.
Despite the strength of the interactions, one may first
focus on the lowest order interaction corrections to Π00(q)
and Kij(q), see Fig. 1, from which:
σ(q0) = σ0
(
1 + Cα+ O(α2)
)
, (3)
and equivalently for σ˜, and extract the numerical value
of the first order interaction-correction coefficients, C and
C˜, respectively. On physical grounds, one expects that
C = C˜, independent on the method used.
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FIG. 1: Two-loop vacuum polarization diagrams.
It turns out, however, that different theoretical results
can be found in the literature so that the value of the first
order coefficient is controversial. As quoted by Ref. [12],
these results read:
C(1) = 25− 6pi
12
≈ 0.512 , (4a)
C(2) = 19− 6pi
12
≈ 0.013 , (4b)
C(3) = 11− 3pi
6
≈ 0.263 . (4c)
Starting from the Kubo formula, Herbut et al. ob-
tained:6 C˜(Λ) = C(1). They used a hard cut-off in order
to regularize the UV-divergences arising from individual
two-loop diagrams and which ultimately cancel out in
their sum. On the other hand, starting from Eq. (1),
Mishchenko obtained:7
C(Λ) = C(Λ)a + C(Λ)b = C(2), C(Λ)a =
1
4
, C(Λ)b =
8− 3pi
6
,
(5)
where individual two-loop diagrams are finite in this case
and the hard cut-off only regularizes the divergent self-
energy subgraph of the two diagrams in Fig. 1a (the lat-
ter contribute to the value Ca while Cb comes from the
diagram in Fig. 1b). Still using a hard cut-off, a third
result, C(Λ)kin = C(3), was even obtained with the help of
a kinetic equation approach.7 Mishchenko claimed that
these discrepancies are due to the long-range nature of
the Coulomb interaction. He advocated the use of a soft
cut-off in order to properly regularize the UV-divergent
integrals finding a single result given by C(2).7
In Ref. [8] (henceforth referred to as JVH) the coeffi-
cient was recomputed with the help of dimensional regu-
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2larization (DR). Starting from Eq. (1), JVH obtained:
C(D) = C(D)a + C(D)b = C(3) C(D)a =
1
2
, C(D)b =
8− 3pi
6
,
(6)
in disagreement with Eq. (5). They obtain the same re-
sult via the Kubo formula: C˜(D) = C(3), in disagreement
with both Eq. (5) and their previous result6 C˜(Λ) = C(1).
Recently, support in favor of JVH’s result, C(3), came
from yet another approach based on a full tight-binding
computation [12]. However, the most commonly ac-
cepted result is, up to date, the value C(2) since it has
been recovered by a majority of groups, mainly using
hard cut-off regularization and variants of it, see, e.g.,
Refs. [9–11,13]. Incidentally, this is also the only result,
among those of Eqs. (4), which is consistent with the
experimental uncertainties.5
In the present Letter we reconsider the computation
of the minimal conductivity with the help of dimensional
regularization. Upon properly renormalizing the theory,
we find that:
C(DR) = C˜(DR) = C(D) +C′(D) = C(2) C′(D) = −1
4
, (7)
where C′(D) originates from one-loop counterterms. This
suggests that, as far as DR is concerned, the origin of the
controversy does not lie in the regularization method or
in the possible presence of an anomaly but, more simply,
in the renormalization procedure itself.
Master integrals - Contrary to JVH, who introduced
Feynman parameters, we shall compute the multi-loop
dimensionally regularized integrals using algebraic meth-
ods, therefore providing an independent check of the cal-
culations. The implementation of these methods requires
the knowledge of some basic integrals such as the mass-
less one-loop propagator-type integral with n ≤ 2 [14]
∫
[dDq]
qµ1 . . . qµn
[q2]α[(q − k)2]β =
(k2)D/2−α−β
(4pi)D
×
[
kµ1 . . . kµn G
(n,0)
0 (α, β) + δ
2
n
gµ1µ2
D
G
(1,1)
1 (α, β)
]
,(8a)
G
(n,m)
i (α, β) =
an(α)am(β)
an+m−i(α+ β −D/2− i) , (8b)
an(α) =
Γ(D/2− α+ n)
Γ(α)
, (8c)
where [dDq] = dDq/(2pi)D and δ2n is the Kronecker sym-
bol. The simplified notation: G(α, β) = G
(0,0)
0 (α, β), will
also be used. As we shall see in the following, the compu-
tation of the ac conductivity involves semi-massive tad-
pole diagrams. In particular, the one-loop semi-massive
tadpole diagram reads:∫
[dDk]
[k2]α[k2 +m2]β
=
(m2)D/2−α−β
(4pi)D/2
B(β, α) , (9a)
B(β, α) =
Γ(D/2− α) Γ(α+ β −D/2)
Γ(D/2) Γ(β)
. (9b)
These formulas can be used to compute all required 2-
loop semi-massive tadpole diagrams. As will be seen in
the following, the latter are of the form:
In(α) =
∫
[dDek1][d
Dek2] (~k1 · ~k2 )n[|~k1 − ~k2 |2]−1/2
[|~k1 |2]α [|~k1 |2 +m2] [|~k2 |2]α [|~k2 |2 +m2]
=
(m2)De+n−2α−5/2
(4pi)De
I˜n(α) . (10)
The diagrams with different α values are related to each
other by the relation:
1
k2α [k2 +m2]
=
1
m2
[
1
k2α
− 1
k2(α−1) [k2 +m2]
]
. (11)
The diagrams In(α) with some particular α values can
be calculated by Eqs. (8)-(9) when one of the massive
propagators can be replaced by a massless one with the
help of a Mellin-Barnes transformation [15]:
1
k2 +m2
=
1
2ipi
∫ +i∞
−i∞
dsΓ(−s)Γ(1 + s) (m
2)s
(k2)1+s
. (12)
The results have the following form for εγ → 0:
I˜0(1/2) = −I˜1(3/2) = I˜2(5/2) = pi2 , (13)
We note that really only one of the diagrams, for exam-
ple I0(1/2), is independent. The two others can be ex-
pressed through I0(1/2) using integration by parts iden-
tities. However, this procedure is quite long and we will
show it in our future publication [16]. The diagrams with
other α values can be expressed as combinations of the
ones in Eq. (13) and of simpler diagrams, which can be
calculated directly with help of Eqs. (8)-(9). So, we have,
for the diagrams contributing to Π00(q) at two loops (see
Eq.(36) below) and εγ → 0
I˜1(1/2) = pi(4− pi) , I˜2(3/2) = pi
(
pi − 4
3
)
. (14)
The diagrams contributing to Π(q2) at two loops are
shown below in Eq. (41). They are UV-singular and read:
I˜1(−1/2) = pi2 − 2G
(
1
2
,
1
2
)
B
(
1,
3−De
2
)
, (15)
I˜2(1/2) = pi
2 − 4pi
3
− (3−De)G
(
1
2
,
1
2
)
B
(
1,
3−De
2
)
with the accuracy O(εγ).
Feynman rules and renormalization - The effective low-
energy action of graphene, in Minkowski space, reads:
S =
NF∑
n=1
∫
dtd2x
[
ψ¯n
(
iγ0∂t − iv0~γ · ~∇
)
ψn
−e0ψ¯n γ0A0 ψn
]
+
1
2
∫
dtd3x (~∇A0)2 , (16)
3a)k + q
q
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FIG. 2: One-loop a) fermion and b) photon self-energies.
where v0 and e0 are the bare Fermi velocity and charge,
respectively, ψn is a four-component spinor field describ-
ing a fermion of specie n (for graphene NF = 2) and A0
is the gauge field mediating the instantaneous Coulomb
interaction. The Dirac matrices, γµ = (γ0, ~γ ) satisfy
the usual algebra {γµ, γν} = 2gµν , with metric tensor
gµν = diag(+,−,−).
From Eq. (16), the bare momentum space fermion
propagator reads (we use the convention pµ = (p0, v0~p )):
S0(p) =
i/p
p2
, /p = γ
µpµ = γ
0p0 − v0~γ · ~p , (17)
and we shall implicitly assume that Feynman’s prescrip-
tion, p2 ≡ p2 + i0+, holds so that we may Wick rotate all
integrals. The effective photon propagator reads:
V0(~q ) =
i
2(|~q |2)1/2 , (18)
and the bare vertex is: −ie0γ0.
In conventional DR,17 these Feynman rules stay the
same but momenta, Dirac matrices and metric tensor
are extended to span a De-dimensional space (keeping
Tr [1] = 4NF ) with De = 2 − 2εγ . All bare param-
eters and fields are then related to renormalized ones
via renormalization group constants: ψn = Z
1/2
ψ ψnr,
A0 = Z
1/2
A A0r and v0 = Zvv. We shall use DR in the
MS scheme, where the Zs are polynomial in 1/εγ and the
bare charge, e0, is related to the renormalized one, e, via:
e20
(4pi)De/2
=
e2(µ)
4pi
µ2εγ Z2e (µ) e
γEεγ , (19)
where µ is the renormalization scale. In graphene, charge
does not flow and: Ze = 1.
We may now focus on the one-loop fermion self-energy,
Fig. 2a. The latter is defined as:
− iΣ1(k) =
∫
[ddeq] (−ie0γ0)S0(k + q) (−ie0γ0)V0(q) ,
where de = 1 +De is the space-time dimension. Because
of the instantaneous nature of the interaction this self-
energy depends only on momentum; there is therefore
neither wave-function nor vertex renormalization: Zψ =
Z−1Γ = 1. The parametrization:
Σ1(~k ) = v0~γ·~kΣk1(|~k |2) , Σk1(|~k |2) = −Tr[~γ ·
~kΣ1(~k )]
4NF v0|~k |2
,
(20)
together with Eqs. (8), yields:
Σk1(|~k |2) = e
2
0
8 v0
(|~k |2)De/2−1
(4pi)De/2
G(1/2, 1/2) . (21)
Performing the εγ-expansion in the MS scheme, yields,
with one-loop accuracy:
Σk1(|~k |2) = α(µ)
8
(
1
εγ
− Lk + 4 log 2 + O(εγ)
)
, (22)
where α is the renormalized coupling constant and Lk =
log(|~k |2/µ2). The UV-divergent self-energy leads to a
renormalization of the Fermi velocity:18
Zv = 1− α(µ)
8εγ
+ O(α2), α(µ) =
e2(µ)
4piv(µ)
. (23)
The corresponding beta-function is negative: βv =
d log v(e(µ))
d log µ = −α/4, implying that Fermi velocity grows
in the infrared.18
We may proceed in a similar way with the one-loop
photon self-energy, Fig. 2b, defined as:
iΠµν1 (q) = −
∫
[ddek] Tr [(−ie0γµ)S0(k + q) (−ie0γν)S0(k)] .
(24)
Focusing on Π00, performing the trace, going to euclidean
space (q0 = iqE0), integrating over frequencies and taking
the ~q → 0 limit, yields:
Π001 (qE0, ~q → 0) =
NF
2v0
e20 |~q |2
De − 1
De
∫
[dDek]
|~k | [|~k |2 +m20]
,
(25)
which is of the form Eq. (9) with m0 = qE0/2v0. This is
immediately integrated to give:
Π001 (qE0, ~q → 0) =
NF
2v0m0
|~q |2 e
2
0 (m
2
0)
−εγ
(4pi)De/2
De − 1
De
B(1, 1/2) .
(26)
Using Eqs. (19) and (23) to express the bare parameters
in terms of renormalized ones and performing the εγ-
expansion yields, with two-loop accuracy:
Π001 (q0, ~q → 0) = −
NF e
2
8
|~q |2
iq0
(
1− α
4
)
. (27)
We note that Fermi velocity renormalization plays a cru-
cial role in Eq. (27) as it brings the factor (Zv)
2εγ =
1−α/4 to O(εγ) accuracy. Combining Eqs. (1) and (27),
we arrive at: σ1(q0) = σ0 (1 + C′(D)α + O(α2)), with
C′(D) = −1/4.
We may now proceed in a similar way with the help of
the Kubo formula Eq. (2). In order to better exploit the
O(2) space rotational symmetry of the system we shall
derive an alternate formula based on Eq. (24). Using
the Ward identity, S0(k)(−ie0/p)S0(k + p) = e0[S0(k) −
S0(k + p)], this function can be shown to be transverse:
qµΠ
µν
1 (q) = 0, reflecting current conservation. We note,
4from now on, that similar arguments apply to the 2-loop
corrections, see Eqs. (32) below, so that: qµΠ
µν
2 (q) = 0,
where Π2 is the total two-loop contribution. We may
therefore attempt to parametrize Πµν as follows:
Πµν(q) = (gµνq2−qµqν) Π(q2), Π(q2) = −Π
µ
µ(q)
(de − 1)(−q2) .
(28)
Then:
σ˜(q0) = iq0K(q0) , (29)
where K(q0) = v
2
0Π(q
2
0 , |~q |2 → 0) and should be properly
renormalized in the course of the computation.
Following the steps of the Π00 computation, at one-
loop, we have:
K1(qE0) =
NF
2v0m0
e20 (m
2
0)
−εγ
(4pi)De/2
De − 1
De
B(1,−1/2) .
(30)
Expressing all bare parameters in terms of renormalized
ones and performing the εγ-expansion yields, with two-
loop accuracy:
K1(q0) =
NF e
2
8 iq0
(
1− α
4
)
. (31)
Combining Eqs. (29) and (31), we arrive, once again, at:
σ˜1(q0) = σ0 (1 + C˜′(D)α+ O(α2)), with C˜′(D) = −1/4.
Optical conductivity from Eq. (1) - We now proceed on computing the 2-loop corrections displayed on Fig. 1:
Πµν2 (q) = 2Π
µν
2a (q)+Π
µν
2b (q) where Π2a is the so-called self-energy correction and Π2b is the so-called vertex correction.
The latter are defined as:
iΠµν2a (q) = −
∫
[ddek] Tr [(−ieγν)S0(k + q) (−ieγµ)S0(k) (−iΣ1(k)) S0(k)] , (32a)
iΠµν2b (q) = −
∫
[ddek1][d
dek2] Tr
[
(−ieγν)S0(k2 + q) (−ieγ0)S0(k1 + q) (−ieγµ)S0(k1) (−ieγ0)S0(k2)V0(k1 − k2)
]
.(32b)
Let’s first focus on Π002a. Performing the trace, going to euclidean space, integrating over frequencies, taking the ~q → 0
limit and substituting the expression of the fermion self-energy Eq. (21), yields:
Π002a(qE0, ~q → 0) = −
NF
32
|~q |2 e
4
0
v20 (4pi)
De/2
De − 1
De
G(1/2, 1/2)
∫
[dDek]
|~k |2 −m20
[|~k |2]1/2+εγ [|~k |2 +m20]2
. (33)
The integral is again of the semi-massive one-loop tadpole type and is straightforwardly computed, so:
Π002a(qE0, ~q → 0) = −
NF
32
|~q |2 e
4
0 (m
2)De/2−3/2−εγ
v2 (4pi)De
(De − 1) (De − 2− 2εγ)
De
G(1/2, 1/2)B(1, 1/2 + εγ) , (34)
where we have changed v0 → v, with two-loop accuracy.
Hence:
2 Π002a(q0, ~q → 0) = −
NF e
2
8
α
2
|~q |2
iq0
. (35)
Combining Eqs. (1) and (35), we arrive at: σ2a(q0) =
σ0 C(D)a α + O(α2), and we recover the result of JVH:
C(D)a = 1/2. Proceeding in a similar way for the ver-
tex correction, the latter can be written in diagrammatic
form:
Π002b(m, ~q → 0 ) =
NF e
4
8 v2
|~q |2
De
×
{
(De − 1) I1(1/2)
−m2 I2(3/2)−m2(De − 2) I0(1/2)
}
, (36)
with 2-loop accuracy. Using the results of Eqs. (14),
yields:
Π002b(q0, ~q → 0) = −
NF e
2
8
α
8− 3pi
6
|~q |2
iq0
. (37)
Combining Eqs. (1) and (37), we arrive at: σ2b(q0) =
σ0 C(D)b α + O(α2), and we recover the result: C(D)b =
(8− 3pi)/6. Adding the two-loop contributions, σ2(q0) =
σ2a(q0) + σ2b(q0) = σ0 C(D)α + O(α2), we recover the
result of JVH, Eq. (6). Adding moreover the contri-
bution of the one loop counter-term, C′(D) = −1/4,
the total conductivity, with two loop accuracy, reads:
σ(q0) = σ1(q0) + σ2(q0) = σ0 (1 + C(DR)α+ O(α2)), and
we finally arrive at the advertised result, Eq. (7).
Optical conductivity from Eq. (29) - We proceed from
Eq. (29) with K2(q0) = 2K2a(q0)+K2b(q0) which should
be properly expressed in terms of renormalized parame-
ters. Calculations are done along the same lines as for
Π00. For the self-energy correction, K2a, they yield:
K2a(qE0) = − NF
32m20v
2
0
e40
(4pi)De/2
De − 1
De
G(1/2, 1/2)
×
∫
[dDek]
|~k |2 −m20
[|~k |2]−1/2+εγ [|~k |2 +m20]2
, (38)
5where the integral is again of the semi-massive tadpole
type. Contrary to the case of Π00, however, it is diver-
gent:
K2a(qE0) = − NF
32m
e40 (m
2)−2εγ
v2 (4pi)De
(De − 1)(De − 2εγ)
De
×G(1/2, 1/2)B(1,−1/2 + εγ) , (39)
where, to 2-loop accuracy, v0 → v. Performing the εγ-
expansion yields:
2K2a(q0) =
NF e
2
8iq0
α
4
(
− 1
εγ
+ 2Lq + 3− 4 log 2 + O(εγ)
)
.
(40)
Similarly, after lengthy calculations, the vertex correc-
tion, K2b, reads, in diagrammatic form:
K2b(qE0) =
NF
8m20
e4
v20
1
De
×
{
−(De − 1)m2 I1(1/2)
+I2(1/2) + (De − 2) I0(−1/2)
}
. (41)
Using Eqs. (15), yields, with 2-loop accuracy:
K2b(qE0) =
NF
8m
e40 (m
2)−2εγ
v2 (4pi)De
×
[
pi
(
pi − 2
3
)
−3−De
De
G(1/2, 1/2)B(1, 1/2 + εγ)
]
. (42)
Performing the εγ-expansion, the final result can be put
in the form:
K2b(q0) = −2K2a(q0) + NF e
2
8 iq0
α
11− 3pi
6
. (43)
Singular terms cancel from the sum of Eqs. (40) and
(43). Combining these equations with Eq. (29) yields:
σ˜2(q0) = σ˜2a(q0) + σ˜2b(q0) = σ0 C˜(D)α + O(α2), and we
recover the result of JVH: C˜(D) = (11−3pi)/6. Adding the
contribution of the one loop counterterm, C˜′(D) = −1/4,
the total conductivity, with two loop accuracy, reads:
σ˜(q0) = σ˜1(q0)+ σ˜2(q0) = σ0 (1+ C˜(DR)α+O(α2)), yield-
ing, once again, the advertised result of Eq. (7).
Conclusion - The two-loop interaction correction to
the minimal conductivity of graphene has been com-
puted in two different ways yielding a single result:
C(2) = (19−6pi)/12 ≈ 0.013, compatible with experimen-
tal uncertainties.5 Upon deriving this result, a crucial
role was played by Fermi velocity renormalization.18,19
The latter had to be properly taken into account within
dimensional regularization. Moreover, we have used al-
gebraic techniques, originally developed for relativistic
quantum field theories such as QED and QCD, in order
to compute dimensionally regularized Feynman integrals.
By combining such techniques with proper renormaliza-
tion, our approach yields a general prescription to sys-
tematically compute interaction corrections in pseudo-
relativistic systems such as graphene. The present re-
sults were derived in the non-relativistic case (v/c→ 0).
A similar prescription has been used to study the ultra-
relativistic case20,21 (v/c→ 1) which corresponds to the
infrared fixed point of graphene.18 Interestingly, at the
fixed point: C∗ = (92 − 9pi2)/(18pi) ≈ 0.056, which is of
the same order of magnitude as C(2).
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